In this work, we study the dynamics of a three-dimensional, continuous, piecewise smooth map. Much of the nontrivial dynamics of this map occur when its fixed point or periodic orbit hits the switching manifold resulting in the so-called border collision bifurcation. We study the local and global bifurcation phenomena resulting from such borderline collisions. The conditions for the occurrence of nonsmooth period-doubling, saddle-node, and Neimark-Sacker bifurcations are derived. We show that dangerous border collision bifurcation can also occur in this map. Global bifurcations arise in connection with the occurrence of nonsmooth Neimark-Sacker bifurcation by which a spiral attractor turns into a saddle focus. The global dynamics are systematically explored through the computation of resonance tongues and numerical continuation of modelocked invariant circles. We demonstrate the transition to chaos through the breakdown of modelocked torus by degenerate period-doubling bifurcation, homoclinic tangency, etc. We show that in this map a mode-locked torus can be transformed into a quasiperiodic torus if there is no global bifurcation.
Introduction
A nonsmooth or piecewise smooth dynamical system F : D → D is everywhere smooth, i.e. C n for some n ∈ N, except on some boundaries S m called switching manifolds or borders, which divide D into countably many regions. Dynamical systems with nonsmooth system function have received much research attention in recent times owing to their applicability in a large number of practical systems. This includes power electronic circuits [Banerjee et al., 2000; Saito et al., 2007; Fossas et al., 2009] , impacting systems [Nordmark, 1991; Nusse et al., 1994; Foale & Bishop, 1994; Ing et al., 2008] , piecewise smooth nonlinear oscillators [Pavlovskaia et al., 2004; Pavlovskaia & Wiercigroch, 2007] , cardiac dynamics , economics [Agliari et al., 2006] , etc.
The studies on the dynamics of piecewise smooth maps have mostly been done using a piecewise linear approximation in the neighborhood of the border, i.e. the normal form map [Banerjee et al., 2000; Banerjee & Grebogi, 1999; di Bernardo et al., 1999] . The atypical bifurcation specific to nonsmooth systems is known as border collision bifurcation. A border collision bifurcation can occur when a fixed point (or a periodic orbit) collides with the border, resulting in an abrupt change in the eigenvalues of the Jacobian matrix evaluated at the fixed point (or the periodic orbit). In continuous time systems, such bifurcations occur when a limit cycle grazes the border between two regions described by different sets of differential equations. Feigin [1970 Feigin [ , 1978 conjectured that the dynamics of a general n-dimensional piecewise smooth map in the neighborhood of a border-colliding fixed point can be described by a piecewise linear local map. Thus, under an appropriate choice of co-ordinates, the grazing of a limit cycle of the original piecewise smooth system corresponds to the border collision of its normal form.
The border collision bifurcation includes bifurcations that are akin to those occurring in smooth maps, like the saddle-node (fold), period-doubling (flip) and Neimark-Sacker bifurcations. There are also classes of border collision bifurcations, like the saddle-saddle bifurcation [Banerjee et al., 1998 ] resulting in robust chaos, multiple attractor bifurcation [Dutta et al., 1999] , dangerous bifurcation , that have no analog in smooth systems. In most of the earlier studies on nonsmooth maps, the main effort was to work out the local (e.g. saddle-node, period-doubling) and global (e.g. homoclinic, heteroclinic) bifurcations for one-and two-dimensional normal form maps [Banerjee et al., 2000; Banerjee & Grebogi, 1999; di Bernardo et al., 1999] . Feigin [1970 Feigin [ , 1978 studied a general ndimensional piecewise smooth map exhibiting border collision bifurcation and derived three basic conditions for the existence of period-1 and period-2 solutions before and after a border collision. The three conditions were given in terms of the product of the characteristic polynomials of the map dynamical matrices and the same set of conditions were also presented in terms of the eigenvalues on the two sides of the border. The main results of Feigin's work have subsequently been recast into the framework of modern bifurcation theory by di Bernardo et al. [1999] .
In order to obtain a complete classification of border collision bifurcation, one has to talk about the stable dynamical behaviors like the occurrence of periodic orbits, quasiperiodicity or chaoswhich can only be done by considering the existence and stability of various periodic orbits, and the behavior of the stable and unstable manifolds of saddle fixed points. So far this has been possible only in one-and two-dimensional border collision normal form maps [Banerjee et al., 2000; Banerjee & Grebogi, 1999] . Since there exist practical dynamical systems which can be modeled by three-dimensional nonsmooth maps [Zhusubaliyev et al., 2001; , the next logical step was to apply the above approach in three-dimensional nonsmooth maps. The border collision torus birth bifurcation in a threedimensional piecewise smooth normal map of a pulsewidth modulated dc/dc converter was first described in . Using the approach described in [Banerjee & Grebogi, 1999; Roy & Roy, 2008] have derived the three-dimensional normal form map and obtained the conditions of existence of a fixed point. In this paper we explore the dynamics of that threedimensional normal form map in detail.
The local bifurcation theory for smooth systems heavily uses the dimension reduction techniques like center manifold theorem which implies that the bifurcations in one-or two-dimensional systems occur in essentially the same way for generic n-dimensional systems. For example, the saddlenode bifurcation in any number of dimensions essentially reduces to the one-dimensional case [Kuznetsov, 1998 ]. However in piecewise smooth systems, if the fixed point lies on a nonsmooth manifold, the center manifold theorem cannot be applied. It is already known that some bifurcation phenomena in two-dimensional nonsmooth maps (e.g. multiple attractor bifurcation, dangerous bifurcation, etc.) cannot occur in one-dimensional maps. Therefore, it is expected that there may be some bifurcation phenomena occurring in threedimensional nonsmooth maps that cannot be understood in terms of the theory developed for one-dimensional and two-dimensional nonsmooth maps. In this paper, we explore this possibility.
The purpose of this work is to investigate the local and global bifurcations in a threedimensional piecewise smooth map. The local bifurcations include not only the nonsmooth analogs of saddle-node, period doubling, and NeimarkSacker bifurcations, but also the atypical ones like the saddle-saddle bifurcation, the dangerous border collision bifurcation, and the transitions from one periodicity to another (like period-1 to period-3) or to chaos. The global bifurcations include the transition from mode-locked periodic orbit to chaos through torus breakdown. Earlier works [Zhusubaliyev et al., 2008a; Simpson & Meiss, 2008; Sushko & Gardini, 2008; Dutta et al., 2009] have shown that a closed invariant curve representing a torus can exist in a nonsmooth map if it has a spiral attractor (i.e. the map is contracting) on one side and a spiral repellor (i.e. the map is expanding) on the other side of the border. Our investigation shows that a torus can also appear in a three-dimensional piecewise smooth map if the map is contracting on both the sides of the border.
The paper is organized as follows. In Sec. 2, the normal form three-dimensional map is introduced and some of its properties are discussed. Then in Sec. 3, we have shown the conditions of occurrence of various local border collision bifurcations. In Sec. 4, we examine several routes of torus transitions with the variation of the system parameters. Finally, we conclude in Sec. 5.
The Normal form Map and Its Properties
In the neighborhood of a border colliding fixed point, a three-dimensional piecewise smooth continuous map can be approximated by the piecewise linear normal form F µ : R 3 → R 3 [Feigin, 1978; Roy & Roy, 2008] given by:
where
A and A r are real valued 3 × 3 matrices
The phase space of this map is divided by the borderline S m :
In each region, the dynamics are governed by a linear map and the equations are continuous across S m . If λ 1 , λ 2 and λ 3 are the eigenvalues of the Jacobian matrix evaluated at a fixed point placed on the left side close to the border, then the parameters of the matrix A are simply the trace τ = λ 1 + λ 2 + λ 3 , the second trace σ = λ 1 λ 2 + λ 2 λ 3 + λ 3 λ 1 and the determinant δ = λ 1 λ 2 λ 3 . The parameters of the matrix A r depends, in a similar manner, on the eigenvalues of the Jacobian matrix computed at the fixed point placed on the right side. Some properties of the above normal form map (1) are:
• The map F µ (X) is invertible or a homeomorphism in R 3 , if and only if δ δ r > 0.
• Assuming the map (1) is invertible, the inverse map in each of the partitions is given by
• For any positive λ, F λµ (λX) = λF µ (X). Hence, for an attractor K of F µ , λK is also an attractor of F λµ . That is, the size of an attractor depends on |µ|. Therefore, every attractor collapses onto the point (0, 0, 0) as |µ| → 0, and it is sufficient to consider only µ ∈ {−1, 0, 1}.
Let us now consider the fixed points of the map (1). A straightforward calculation shows that the map possesses two fixed points, O L in L and O R in R, given by: 
If a periodic orbit exists it is said to be admissible; otherwise, it is virtual. To determine the stability of the fixed points, we have to calculate the eigenvalues of the matrix A /r . If all the three eigenvalues are inside the unit circle in the complex plane then the corresponding fixed point is said to be stable. The characteristic polynomial of the matrix A /r is
The eigenvalues λ 1 , λ 2 and λ 3 are the roots of the equation p(λ) = 0, which are given in the appendix. The discriminant of p(λ) = 0 is given by
Now depending on the sign of the discriminant, the nature of the eigenvalues are:
• If ∆ = 0, λ 1 , λ 2 , λ 3 ∈ R and at least two of them are equal.
Different stability regions of the eigenvalues in the (τ, σ) plane for different values of δ are depicted in Fig. 1 . The stability regions are partitioned by either the curve ∆ = 0 or any one of the saddlenode, period-doubling or Neimark-Sacker bifurcation lines. The bifurcation lines are given by:
Period-doubling:
Neimark-Sacker: δ
In (τ, σ, δ) space the saddle-node, perioddoubling and Neimark-Sacker bifurcation surfaces are also shown in Fig. 2 . Actually the above bifurcations are nonsmooth analogues of classical smooth bifurcations. To explain, let us choose the parameters (τ , σ , δ ) for the matrix A from one side of the saddle-node bifurcation surface and the parameters (τ r , σ r , δ r ) for the matrix A r from another side of that bifurcation surface, then varying the parameter µ from a negative value to a positive value, one can see a nonsmooth saddle-node bifurcation at µ = 0. Similar situations will also arise for the other two bifurcation surfaces.
It is important to note that, in the Hamiltonian limit when the map is volume preserving, i.e. when δ = 1 the saddle-node bifurcation line coincides with the Neimark-Sacker bifurcation line, and when δ = −1 the period-doubling bifurcation line coincides with the Neimark-Sacker bifurcation line. As a result, we have a saddle-node Neimark-Sacker bifurcation line and a period-doubling NeimarkSacker bifurcation line shown by dashed lines in Figs. 1(e) and 1(b), respectively. In these cases, there are eight stability regions. The boundaries between these regions contain two co-dimension-2 bifurcation points for δ = 1 and δ = −1. For δ = 1, one of the co-dimension-2 bifurcation points corresponds to {λ 1 = 1, λ 2 = 1, λ 3 = 1} at (τ, σ) = (3, 3), and another {λ 1 = −1, λ 2 = −1, λ 3 = 1} at (τ, σ) = (−1, −1) and for δ = −1, the other co-dimension-2 bifurcation point corresponds to {λ 1 = −1, λ 2 = −1, λ 3 = −1} at (τ, σ) = (−3, 3), and another
When the map is dissipative (i.e. when |δ /r | < 1) and the determinant is positive, the positions of the eigenvalues in all the partitions of the parameter space are shown in Fig. 3 . Local and Global Bifurcations in Three-Dimensional, Continuous, Piecewise Smooth Maps 1621 (a) 
Local Bifurcations
Here, we apply Feigin's method [di Bernardo et al., 1999] of classification for the existence of fixed points and period-2 solutions on either side of border collision bifurcations for our specific map (1).
Definition. Let ζ + α be the number of real eigenvalues of A greater than 1, and ζ + β be the number of real eigenvalues of A r greater than 1. Similarly, ζ − α be the number of real eigenvalues of A less than −1, and ζ − β be the number of real eigenvalues of A r less than −1. Let p * (λ) and p * * (λ) be the characteristic polynomials of A and A r respectively, i.e. p * (λ) = |λI − A | and p * * (λ) = |λI − A r |, where I is a n × n identity matrix.
Assuming that the matrices A and A r have no eigenvalues equal to 1 in magnitude (we are excluding marginal cases, i.e. the map has no neutral fixed point), to describe what happens as µ is varied from a negative to a positive value, Feigin showed that
(1) has a unique fixed point continuously crossing S m at µ = 0 and if ζ + α + ζ + β is odd ⇔ p * (1)p * * (1) < 0, then two fixed points exist on one side of S m and they collide and annihilate at µ = 0. In the case of specific three-dimensional map (1), the terms p * (1), p * * (1), p * (−1) and p * * (−1) are given by
Inference about period-1 fixed points and nonsmooth saddle-node/saddle-saddle bifurcations
We know from (4) that the fixed point O L will exist if
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This is true if
Similarly, from (5) the fixed point O R will exist if
If σ , δ , σ r and δ r are fixed, the above conditions (9)-(12) divide the (τ , τ r )-parameter plane into four regions R 1 , R 2 , R 3 and R 4 as shown in Fig. 4 .
In the region R 1 , we choose the parameters τ and τ r such that τ > 1 + σ − δ and τ r > 1 + σ r − δ r , i.e. p * (1) < 0 and p * * (1) < 0 ⇒ p * (1)p * * (1) > 0. Now if we vary µ from a negative value to a positive value, we have a transition from O R to O L . The period-1 fixed points O L and O R are not stable. Since, from (6) if τ /r > 1 + σ /r − δ /r then one of the eigenvalues of A /r must be greater than +1. Therefore, even though they exist, they cannot be observed in numerical simulation. In R 2 , τ < 1 + σ − δ and τ r > 1 + σ r − δ r , i.e. p * (1) > 0 and p * * (1) < 0 ⇒ p * (1)p * * (1) < 0. Now varying µ from a negative value to a positive value, both the fixed points O L and O R exist for µ < 0 and they collide and disappear at µ = 0. Like in the region R 1 , as τ r > 1 + σ r − δ r the fixed point O R is unstable. However, the fixed point O L can be stable or unstable. When O L is stable, we have a nonsmooth saddle-node bifurcation at µ = 0 with the variation of µ on either side of S m . This is what we see in the bifurcation diagram of Fig. 5(a) . If O L is unstable, we have a nonsmooth saddle-saddle bifurcation at µ = 0 with the variation of µ from a negative value to a positive value. It is possible to subdivide the region R 2 into regions for the occurrence of saddlenode and saddle-saddle bifurcations by any one of the period-doubling or Neimark-Sacker bifurcation lines given by Eqs. (7) and (8), respectively. As shown in Fig. 4(b) , for specific choice of parameters the gray region is the region of saddlenode bifurcation and rest of the region is the region of saddle-saddle bifurcation in R 2 . In this figure the period-doubling bifurcation line divides the two regions in R 2 .
In the region R 3 , τ < 1 + σ − δ and τ r < 1 + σ r − δ r , i.e. p * (1) > 0 and p * * (1) > 0 ⇒ p * (1)p * * (1) > 0. For µ < 0, O L will exist, which changes into O R for µ > 0. Here, both the fixed points can be stable. Choosing the parameters in such a way that O L and O R exist and are stable, we have a border collision bifurcation from a stable period-1 orbit to another stable period-1 orbit. This is shown in Fig. 5(b) . It is worth to note that in R 3 there exists some subregions where multiple attractor bifurcation, dangerous border collision bifurcation, nonsmooth Neimark-Sacker bifurcation, direct transition from period-1 to period-n and direct transition from period-1 to chaos can also occur.
For specific values of σ , δ , σ r and δ r , a bifurcation structure in the (τ , τ r )-parameter plane is presented in Fig. 6 . The complicated dynamics of the considered system can be explored by a detailed study of similar bifurcation structures. In Fig. 6 , for example, there are regions marked by P ch , P 11 and P 9 , where direct transitions from period-1 to chaos, period-1 to period-11 and period-1 to period-9 occur with the variation of µ from a negative value to a positive value. In [Roy & Roy, 2008] some numerical examples of such bifurcations are presented. Similarly in R 4 , τ > 1 + σ − δ and τ r < 1 + σ r − δ r , i.e. p * (1) < 0 and p * * (1) > 0 ⇒ p * (1)p * * (1) < 0. Suppose we vary µ from a negative value to a positive value. Then for µ < 0 none of the fixed points will exist and for µ > 0 both O L and O R exist. Since, τ > 1+σ −δ the fixed point O L is unstable and O R can be stable or unstable. Hence, if O R is stable we have a nonsmooth saddle-node bifurcation at µ = 0 like in R 2 . This is shown in the bifurcation diagram of Fig. 5(c) . If O R is unstable, we have a nonsmooth saddle-saddle bifurcation at µ = 0. A saddle-saddle bifurcation is responsible for two different situations. In one case, no attractor exists [see Fig. 5(d) ] and in another case there exists a chaotic attractor for µ > 0 [see Fig. 5(e) ]. Similar to R 2 , the region R 4 can also be subdivided into regions for saddle-node and saddle-saddle bifurcations by any one of the period-doubling or NeimarkSacker bifurcation lines. As shown in Fig. 4(c) , for specific choice of parameters the gray region is the region of saddle-node bifurcation and the rest of the region in R 4 is the region of saddlesaddle bifurcation. In this figure the NeimarkSacker bifurcation line (unlike in R 2 ) divides the two regions in R 4 .
It is known that one can obtain only the existence of periodic orbits from the Feigin's classification strategy, and the information about the stability of such orbits has to be added to it in order to infer which orbits will actually occur. One can determine the stability of a periodic orbit as well as the associated local bifurcations from Figs. 1-3. For example, the set of parameters chosen to plot Fig. 5 (a) are situated at P1 for A and at P2 for A r in Fig. 3(c) , and they are on the opposite sides of the saddle-node bifurcation curve λ = 1. Now from Fig. 3(a) it is clear that the eigenvalues for the parameters at P1 of A are inside the unit circle and one of the eigenvalues for the parameters at P2 of A r is outside the unit circle. Hence, the fixed point O L is stable and the fixed point O R is unstable, and there is a saddle-node bifurcation at µ = 0 with the variation of µ from a negative to a positive value.
Inference about period-2 orbit and nonsmooth period-doubling bifurcation
and O LR = (x * * R , y * * R , z * * R ) be the points of a period-2 orbit of the map (1), with x * * L < 0 and x * * R > 0. The conditions for existence of the period-2 orbit can be obtained by solving
Now solving the above two equations, we find
Hence, the period-2 orbit {O RL , O LR } exists iff
or equivalently, iff
This is same as the condition obtained by Feigin for a general n-dimensional piecewise linear map. This implies that the period-2 point exists and it is stable. In this case we have a nonsmooth perioddoubling bifurcation and the bifurcation diagram is depicted in Fig. 5(f) . Within the region given by (13), there are subregions where the period-2 orbit is unstable. In such situations, the occurrence of higher periodic orbits need to be probed using a similar approach as above. However, in the threedimensional system the equations become involved, and such regions are better obtained by simulation.
Where these high-periodic orbits are also unstable, chaos can occur, i.e. we see a transition from a period-1 orbit directly to a chaotic orbit.
Derivation of the conditions for occurrence of nonsmooth Neimark-Sacker bifurcation
The region R 3 is characterized by the existence of the period-1 fixed point for the whole range of the parameter µ. But it is possible that either for µ < 0 or for µ > 0 the fixed point is unstable, and one such condition results in the nonsmooth Neimark-Sacker bifurcation. Feigin's classification method does not give this condition. Such a bifurcation occurs when two of the multipliers associated with the fixed point are complex-valued and jump from the inside to the outside of the unit circle at a border collision bifurcation. Without loss of generality, we assume that A has eigenvalues λ 1,2 = r e ±iθ , λ 3 , where |λ 1,2 | < 1, −1 < λ 3 < 1 and A r has eigenvalues λ 1,2 = r r e ±iθr , λ 3 , where |λ 1,2 | > 1, −1 < λ 3 < 1. Note that the eigenvalues of A correspond to an attracting focus and A r to a saddle focus. Let us find the conditions for the existence of a spiral sink and a saddle-focus for 0 < δ /r < 1 and δ r/ > 1. Suppose the roots of the characteristic polynomial p(λ) are λ r , λ c , λ c , where λ r ∈ R and λ c , λ c ∈ C. Hence, δ = λ r λ c λ c = λ r |λ c | 2 and |λ c | 2 = δ/λ r . Recall that for λ c , λ c ∈ C we must have the discriminant ∆ < 0. Now we discuss different possibilities case-wise.
Case I. Spiral sink when ∆ < 0
As the fixed point is a spiral sink, we have |λ c | < 1 and −1 < λ r < 1.
In this case, the following sub-cases arise:
Therefore, the real root λ r of p(λ) lies in (δ,1), which implies p(δ)p(1) < 0
Hence, the spiral sink exists in this case if the above inequality is satisfied.
Subcase (ii). δ > 1
There exists no attracting fixed point. In particular, there is no spiral sink of the map F µ .
Case II . Saddle-focus when ∆ < 0
Since the fixed point is saddle focus, we must have |λ c | > 1 and −1 < λ r < 1. Possible subcases are given below:
Since δ = λ r |λ c | 2 and δ > 0, so λ r > 0. Therefore, similar to Case I the real root λ r of p(λ) lies in (0, δ), which implies p(0)p(δ) < 0.
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Subcase (ii). δ > 1 Since δ > 1, |λ c | > 1 and δ = λ r |λ c | 2 , so λ r > 0 and λ r < δ.
i.e. 0 < λ r < δ. Therefore, the real root lies in the range (0, δ).
From the above derivation, it is important to note that the occurrence of Neimark-Sacker bifurcation is possible even though the map F µ is contracting on both the sides of S m (i.e. δ ,r < 1). These results are necessary for the study in Sec. 4.
Occurrence of dangerous border collision bifurcation
It has been shown that for a two-dimensional nonsmooth map, border collision bifurcation can also lead to a peculiar situation where the orbits become unbounded at the point of border collision, even though the fixed point remains stable throughout the range of parameter variation Ganguli & Banerjee, 2005] . The basin of attraction of the stable fixed point shrinks as the parameter is varied toward the bifurcation value µ = 0, and at the bifurcation point the basin of attraction has zero size. As a result, orbits starting from all points other than the fixed point become unbounded, at least from a local point of view. This leads to a dangerous situation, because the eigenvalues of the fixed point do not give any indication of the impending unbounded behavior. To the best of our knowledge till date there has been no investigation of dangerous border collision bifurcation for a normal form map of dimension greater than two. We have found that dangerous border collision bifurcation can also occur in a three-dimensional nonsmooth map.
As an example, we take a particular choice of the parameters of the map (1), as τ = −0.6, σ = 0.4, δ = 0.2, τ r = 0.9, σ r = 1.1 and δ r = 0.2. For this choice of the parameters and a negative value of µ, the stable manifolds (W s (S 4 )) of a period-4 saddle point S 4 form the basin boundary between the period-1 attractor and an unbounded behavior. The basin of attraction of the attractor N 1 shrinks to zero size as the system parameter is slowly varied through its bifurcation value µ = 0, resulting in the unbounded behavior of the orbit. This is similar to what has been reported for a two-dimensional nonsmooth map Ganguli & Banerjee, 2005] . Two-dimensional cross-section of the three-dimensional basin of attraction for negative and positive values of µ are depicted in Fig. 7 .
It is important to note that for the considered parameter values, the period-4 saddle point S 4 is a regular saddle (λ 1 , λ 2 , λ 3 ∈ R and |λ 1 | > 1; |λ 2 , λ 3 | < 1) and the dimension of its stable manifold is two. Since the map is three-dimensional there can be other three types of saddle points (cf. Fig. 3) . A regular saddle (λ 1 , λ 2 , λ 3 ∈ R and |λ 1 | < 1; |λ 2 , λ 3 | > 1) for which the dimension of the stable manifold is one, a saddle-focus with dimension of stable manifold one (λ 1 ∈ R; λ 2 , λ 3 ∈ C and |λ 1 | < 1; |λ 2 , λ 3 | > 1) or two (λ 1 ∈ R; λ 2 , λ 3 ∈ C and |λ 1 | > 1; |λ 2 , λ 3 | < 1). These situations demand a detailed investigation of the dangerous border collision bifurcation and are left for future work.
Global Bifurcations
Earlier research has shown that, in addition to local bifurcations, global bifurcations are also important in the context of nonsmooth systems, and the nature of such bifurcations differ in some ways from those observed in smooth maps [Zhusubaliyev et al., 2008a; Sushko & Gardini, 2006 Dutta et al., 2009] . Even though the normal form map is a local approximation, studies on global bifurcations based on this map has proved to be productive, since such studies have revealed bifurcation mechanisms that are valid in general nonsmooth systems. In this paper we follow the same course, and use the three-dimensional normal form map to investigate the global bifurcations that lead to the breakdown of tori. An attracting closed invariant curve C forming the torus T is defined by the closure of the unstable manifolds (W u (S n )) of a saddle cycle with the points of the saddle (S n ) and stable (N n ) cycles of the same periodicity, i.e. C = N n ∪ S n ∪ W u (S n ). The homoclinic tangency is created when the unstable manifold of the saddle touches the stable manifold of the same saddle and the heteroclinic tangency is created when the unstable manifold of the saddle touches the stable manifold of another saddle. The torus T is destroyed after the appearance of homoclinic (or heteroclinic) tangency. Some important results regarding the global bifurcations in higher dimensional nonsmooth maps arising out of practical systems were also reported in . Now let us consider a few aspects of the transition from an equilibrium point to a phase-locked invariant curve C for the map (1) as we change the parameter µ from a negative to a positive value. We have considered the sets of parameters inside a resonance tongue [Simpson & Meiss, 2008 Simpson, 2010] , so that there exists a spiral attractor for µ < 0 and a saddle-focus fixed point for µ > 0. In Sec. 3.3, we have derived the conditions for the occurrence of spiral attractor and saddlefocus. Hence, at µ = 0 a supercritical NeimarkSacker bifurcation [Simpson & Meiss, 2008] occurs, resulting in an attracting closed invariant curve C for µ > 0, on which stationary states (periodic or quasiperiodic orbit) must lie. This attracting closed invariant curve C forms a resonant (modelocked) torus T R or stable quasiperiodic torus T Q . In the following subsections, we investigate the mechanisms of transition from mode-locked torus to quasiperiodicity or chaos.
Torus destruction when the map is dissipative on one side and expanding on the other side
Consider the map (1) with the parameters δ < 1 and δ r > 1, i.e. the map is dissipative on the lefthand side and expanding on the right-hand side of the border. From Sec. 3.3, the conditions for the occurrence of supercritical Neimark-Sacker bifurcation as µ is varied from a negative to a positive value are ∆ /r < 0, (
For the numerical computations, the parameters are chosen in such a way that they satisfy the above conditions.
Torus destruction via period-doubling route to chaos
Let us analyze the bifurcation behavior for the section of the parameter space {(τ , τ r ) : 1.0 < τ < 1.2, τ r = −0.7} with σ = 0.5, δ = 0.3, σ r = 1.1, δ r = 1.3 and µ = 0.01. Figure 8 shows numerically computed regions of existence of stable periodic and aperiodic orbits with periods shown in the color bar at the bottom. The parameter τ is increased along the direction "A" from the inside to the outside of the 2/7-resonance tongue as depicted in Fig. 8 . The 2/7-resonance tongue consists of the orbit
. The rotation number of the orbit O R 2 L 2 RL 2 is ρ = 2/7 as clearly demonstrated in Fig. 9 . The transition between a modelocked torus T R and a quasiperiodic torus T Q or chaotic attractor may be direct or may involve a number of bifurcations, depending on the selection of the path in the parameter space. If the parameter is varied along the line shown by an arrow "A" in Fig. 8, period- [ Avrutin et al., 2010] occurs. The tongue is bounded by the period-doubling bifurcation curve {θ − R 2 L 2 RL 2 : λ = −1} from right. From above, the tongue is bounded by the border collision bifurcation curve ξ 3, R 2 L 2 RL 2 and from below by the border collision bifurcation curve ξ Avrutin et al., 2008a Avrutin et al., , 2008b . Hence, the period-7 tongue is bounded by the border collision bifurcation curves, period-doubling bifurcation curve and Poincaré equator collision bifurcation curve. As marked in Fig. 8 , if one varies a parameter along the directions "B" and "C", the mode-locked torus breakdown will occur via homoclinic tangency . Similarly, by varying a parameter in the direction of "D" the torus disappears via the Poincaré equator collision bifurcation. In this case, the mode-locked torus exists just before the Poincaré equator collision bifurcation and immediately after the bifurcation the stable nodes do not exist and only the saddle points exist, so the torus no longer exists. In this paper, for the specific tongue depicted in Fig. 8 we only present the torus breakdown by varying the parameter along the direction "A". Figure 10 displays the bifurcation diagram with τ as the bifurcation parameter, varied along the arrow "A". Initially, the map (1) has a period-1 saddle-focus (S 1 1 ), a period-7 spiral attractor (F 1 7 ) and a period-7 saddle-focus (S 1 7 ). The phase portrait of the map (1) at τ = 1 is displayed in Fig. 11(a) . The dimension (n u ) of the unstable manifold (W u (S 1 7 )) of the saddle-focus S 1 7 is one and the dimension (n s ) of the stable manifold (W s (S 1 7 )) of S 1 7 is two. For the period-1 saddle-focus S 1 1 , n u is two and n s is one. The attracting closed invariant curve C is formed by the union of the points of the saddle-focus S 1 7 , its one-dimensional unstable manifolds (W u (S 1 7 )), and the points of the spiral attractor F 1 7 , i.e. C = W u (S 1 7 ) ∪ S 1 7 ∪ F 1 7 . As we increase τ , at τ = 1.06899 the complex conjugate eigenvalues of the spiral attractor F 1 7 change into real eigenvalues, and the spiral sink F 1 7 softly turns into a regular sink N 1 7 . As the parameter τ reaches the value 1.10569, mode-locked torus breakdown occurs through a degenerate period-doubling bifurcation [Sushko & Gardini, 2010] . The stable cycle N 1 7 loses its stability and turns into a period-7 flip saddle. Since the map (1) is linear on each side, after the period-doubling bifurcation period-14 cycle moves away instantly and one of its points collides with the border. This leads to abrupt transition to a 14-band chaotic attractor. A denumerable set of unstable cycles with periods that are multiples of seven softly arises and forms the 14-band chaotic attractor. Figure 11(b) shows the phase portrait just before the period-doubling bifurcation. The figure shows that as the parameter approaches this bifurcation value, the folding around N 1 7 increases. As τ further increases, the 14-band chaotic attractor merge first into a 7-band chaotic attractor and subsequently into a single chaotic band. The above scenario is similar in its appearance to the transition observed in [Zhusubaliyev et al., 2008b] for the twodimensional normal form map and in [Maistrenko et al., 1995] for the skew tent map. However, in our case the transition involves the destruction of a torus for the three-dimensional map.
Torus destruction through homoclinic intersection and abrupt transition to chaos
A stable torus T R can be destroyed through homoclinic bifurcation. To investigate this scenario, we have taken the set of parameters {(τ , τ r ) : 0.74 < τ < 0.77, τ r = −0.5} with σ = 0.5, δ = 0.6, σ r = 1.1, δ r = 1.5 and µ = 0.01. The bifurcation diagram is shown in Fig. 12(a) . For a low value of the parameter (for example, at τ = 0.74), there is a saddle-focus fixed point (S 2 1 ) and a period-7 spiral attractor (F 2 7 ) and the corresponding saddle-focus (S 2 7 ). Phase portrait of the attractor at τ = 0.74 is drawn in Fig. 12(b) . The attracting closed invariant curve C is defined by the union of the unstable manifolds W u (S 2 7 ) of the saddle-focus S 2 7 , and the points of S 2 7 and F 2 7 , i.e. C = W u (S 2 7 ) ∪ S 2 7 ∪ F 2 7 . As τ increases, the unstable manifolds W u (S 2 7 ) of S 2 7 nontransversally touch the stable manifolds W s (S 2 7 ) at τ = τ * = 0.7585 [see Fig. 13 (a)] and this leads to the appearance of first homoclinic tangency. With further increase of τ , the stable W s (S 2 7 ) and unstable manifolds W u (S 2 7 ) of S 2 7 intersect transversally to form a homoclinic structure [see Fig. 13 W u (S 2 7 ) of S 2 7 indicate the existence of Smale horseshoe and as a consequence an infinite number of high period orbits. Hence, the torus T R no longer exists. The second homoclinic tangency occurs at τ = τ h = 0.76042 [see Fig. 13(c) ], when the one-dimensional manifold W u (S 2 7 ) touches the twodimensional surface W s (S 2 7 ) from the other side. A chaotic attractor is created just after this point. The spiral attractor F 2 7 and saddle-focus S 2 7 continue to coexist with the chaotic attractor in the range 0.76042 < τ < 0.76347. At τ = τ ch = 0.76347, these two cycles collide and merge through a border collision saddle-node bifurcation. Hence, we see a hard transition to a chaotic attractor.
Torus destruction when the map is dissipative on both sides
If the map F µ is dissipative on both sides of S m (i.e. δ /r < 1), a supercritical Neimark-Sacker bifurcation can still appear with the variation of the parameter µ from a negative to a positive value, since our map is three-dimensional. This cannot happen in a two-dimensional piecewise linear map. From Sec. 3.3, we see that a supercritical Neimark-Sacker bifurcation can occur if the conditions ∆ /r < 0, δ /r < 1, (δ 2 − τ δ + σ − 1)(1 − τ + σ − δ ) < 0 and (δ 2 r − τ r δ r + σ r − 1) > 0 are satisfied. We now investigate the resulting dynamics.
Transition to chaos through mode-locked torus breakdown
We have chosen a region of parameter space where, for a positive value of µ, we find a resonance torus T R of period-7 dynamics. Let us examine the transition that occurs as we move from the inside of a 2/7-resonance tongue to the outside of it. We have varied τ r from −1.3 to −0.95 and chosen the other parameters as τ = 0.6, σ = 0.5, δ = 0.6, σ r = 1.2, δ r = 0.4, µ = 0.05. The corresponding bifurcation diagram is shown in Fig. 14(a) . Initially, the map (1) has a period-1 saddle-focus (S 3 1 ), a period-7 spiral sink (F 3 7 ) and a period-7 saddle-focus (S 3 7 ). The dimension (n u ) of W u (S 3 7 ) of the saddle-focus S 3 7 is one and the dimension (n s ) of stable manifold W s (S 3 7 ) of it is two. For the period-1 saddle-focus, n u is two and n s is one. For τ r = −1.3, the map (1) displays an attracting closed invariant curve which is formed by the union of the one-dimensional unstable manifolds W u (S 3 7 ) of the saddle-focus S 3 7 and the points of S 3 7
and F 3 7 . Figure 14 (b) displays the phase portrait of the map (1) at τ r = −1.3. The magnified part of the torus marked by the rectangle in Fig. 14(b) is shown in the upper right corner. The stable manifolds W s (S 3 7 ) are planes and these are transverse to the closed invariant curve.
The unstable manifold W u (S 3 7 ) of S 3 7 folds near the spiral sink F 3 7 . As τ r increases, at τ r = −1.213, the unstable manifold W u (S 3 7 ) makes contact with the two-dimensional stable manifold W s (S 3 7 ) from below in a homoclinic tangency [see Fig. 15(a) ]. Further change of parameter τ r leads to the appearance of transversal homoclinic intersections [see Fig. 15(b) ]. The existence of homoclinic intersection corresponds to Smale horseshoe dynamics, as a consequence, an infinite number of high periodic orbits is created. Hence, the modelocked torus no longer exists. Again increasing τ r , second homoclinic tangency takes place at τ r = −1.136 from the other side of the stable manifold W s (S 3 7 ) which is depicted in Fig. 15 and the saddle-focus S 3 7 cycles merge and disappear through a border collision bifurcation.
Transition from mode-locked torus to quasiperiodic torus
To illustrate this scenario, we vary the parameter τ from the inside to the outside of a 1/4-resonance tongue. Figure 16 As we reduce the parameter τ , for τ = 0.90151, a period-4 spiral sink F 4 4 turns into a regular attractor N 4 4 through a change of multipliers from complex conjugate to real. As the parameter is reduced, the period-4 regular stable (N 4 4 ) and saddle (S 4 4 ) cycles approach each other and simultaneously hit the border x = 0 at τ L = 0.896925. They disappear through this nonsmooth saddlenode type border collision bifurcation. At this point a quasiperiodic torus T Q is created.
Thus, a border collision bifurcation takes place on the torus at the boundary of the 1/4-resonance tongue. As a result, a change of rotation number occurs. Within the resonance tongue the torus rotation number is rational (and constant). When leaving the tongue the winding becomes quasiperiodic and the rotation number starts to vary. We observe that the border collision bifurcation occurring at the boundary of the 1/4-tongue is responsible only for change of the rotation number of the trajectory and do not destroy the supporting torus -which now forms a drift ring. Hence an ergodic torus T Q Fig. 17 . The attracting invariant circle T Q for the map (1) with parameters τ = 0.8966, σ = 0.8, δ = 0.7, τr = 0.7, σr = 1.1, δr = 0.88 and µ = 0.01. The blue plane is the switching manifold x = 0. is born abruptly (see Fig. 17 ). Based on numerical investigation, it is our conjecture that in the nonsmooth map F µ , a quasiperiodic torus is born via a border collision bifurcation, only if there is no homoclinic bifurcation.
Summary of Results
There are many systems which yield threedimensional piecewise smooth maps when subjected to discrete-time modeling. The bifurcation phenomena in such systems cannot be studied through lower dimensional models because the center manifold theorem does not hold in the neighborhood of a nonsmoothness boundary. In this paper we have taken a step in understanding the dynamics of such systems, by investigating the local and global bifurcations in a three-dimensional normal form map derived earlier, whose parameters are the trace, the second trace, and the determinant of the Jacobian matrix evaluated on the two sides of the border.
We have made a detailed investigation on the nature of eigenvalues and calculated the saddlenode, period-doubling and Neimark-Sacker bifurcation surfaces in the (τ /r , σ /r , δ /r ) plane. Based on the Feigin's classification strategy, the conditions for the occurrence of local border collision bifurcations are derived. The conditions for the occurrence of nonsmooth Neimark-Sacker bifurcation are derived mainly for the case when the map has a spiral attractor on one side of the border and a saddle focus on the other side. A numerical example has been presented to demonstrate the occurrence of dangerous border collision bifurcation in this map.
In investigating the global bifurcations, we have computed the resonance tongues for a specific choice of the parameters. When the parameters are changed from the inside of a resonance tongue to the outside of it, a breakdown of the mode-locked torus is observed, and there is transition from a modelocked torus to a quasiperiodic torus or chaos. Since the map is three-dimensional we studied two cases, first, when the map is dissipative on one side and expanding on the other side, and second, when the map is dissipative on both sides. For the first case, we observed two mechanisms of the breakdown of a mode-locked torus: (a) via a degenerate period doubling bifurcation and (b) through a homoclinic bifurcation. For the second case also we observed two mechanisms: (a) transition to chaos via homoclinic bifurcation and (b) transition from a modelocked torus to a quasiperiodic torus without any global bifurcation. We also conjecture that transition from a mode-locked torus to a quasiperiodic torus occurs only if there is no homoclinic bifurcation.
Finally we believe that computation of higher dimensional stable and unstable manifolds for this map may unfold some interesting phenomena. This is being left for future investigation.
